
IMPULSE RESPONSE HANDOUT

A very important application of the Convolution Theorem allows one to deter-
mine the response of a system to an arbitrary excitation (of course, assuming some
integrability conditions which we will not go into here) if the system�s response
to the Dirac Delta function, �(t), is known. The response of the system is given
in terms of a convolution integral and the system�s response to �(t) is called the
Green�s Function or Impulse Response of the system. To develop this idea,
we need to introduce the concept of transfer function.

Any physical system capable of responding to an excitation can be thought of
as a device (or a black box) by means of which an input function is transformed
into an output function.
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Suppose that the system or black box can be modelled by an nth order linear
di¤erential equation (DE) with constant coe¢ cients. Also suppose that the input
f(t) and the output y(t) have Laplace Transforms (LT�s). We assume that all the
initial conditions are zero when a single excitation or input f(t) starts to act. The
reason for this is that we only care about the system�s response to the input but
not to any contribution from initial conditions. Then setting up the DE describing
the system and taking LT�s gives
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Y (s) = F (s):

Calling Z(s) the polynomial in s, ansn + an�1sn�1 + � � � a1s + a0, we get upon
solving for the Laplace transform of the output y(t)

(1) Lfy(t)g = Y (s) = Lff(t)g
Z(s)

=
1

Z(s)
F (s)

Let us consider the function

1

Z(s)
=
Lfy(t)g
Lff(t)g =

LTfoutputg
LTfinputg :

Definition 0.1. The function 1
Z(s) above is called the transfer function (TF)

of the system.

Now let us also consider the response of the system to the Dirac delta function,
�(t).

Definition 0.2. The response of the system to the Dirac delta function is
called the Green�s function or the impulse response of the system.
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We note that the Green�s function usually, denoted by g(t), can be thought of
as the response of the system to a very big excitation over a very small time, e.g.,
the hitting of a baseball by a baseball bat or the result of an object being struck
by lightening. Thus the Green�s function is usually something which is observable,
e.g., in a laboratory.

We now note that if we go back to our original equation (1) and input the Dirac
Delta function, i.e., take f(t) = �(t), and recall that Lf�(t)g = 1; so that F (s)
= Lf�(t)g = 1, we get

Lfg(t)g = G(s) = 1

Z(s)
:

In words, this says that the LT of the Green�s function is the Transfer function.
Put another way

g(t) = L�1fTFg = L�1
�

1

Z(s)

�
:

We �nally have the important theorem referred to earlier

Theorem 0.3. The response of a system to an arbitrary input, f(t), can be
determined in terms of a convolution integral, if the response of the system to the
Dirac delta function is known, i.e., if the Green�s function, g(t), is known. As a
matter of fact, it can be written as the following convolution

y(t) = f(t) � g(t) =
tZ
0

f(t� u)g(u)du:

Proof: Going back to our original equation for the system, equation (1),

Lfy(t)g = 1

Z(s)
F (s):

But the TF, 1
Z(s) = Lfg(t)g = G(s): Thus

Lfy(t)g = G(s)F (s) = Lfg(t)gLff(t)g:
Now taking inverse LT�s and using the Convolution Theorem gives

(2) y(t) = f(t) � g(t) =
tZ
0

f(t� u)g(u)du:

This proves our theorem.

Example 0.4. Given a system modeled by the DE

(D2 + 7D + 10)y = f(t); t � 0:
Assume all initial conditions are 0, i.e., y(0) = y0(0) = 0.

� (a) Find the transfer function (TF) for the system.
� (b) Find the Green�s function for the system.
� (c) Write the response of the system to an arbitrary input, f(t), as a
convolution integral in terms of the Green�s function found in (b).
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� (d) Suppose the input to the system is f(t) = cos(3t). Use your answer
to (c) to �nd the corresponding response of the system. (Here you may
use your calculator to evaluate the integral.

Solution: (a) Taking LT�s gives

(s2 + 7s+ 10)Y (s) = F (s):

So

Y =

�
1

s2 + 7s+ 10

�
F (s):

Thus the TF = 1
s2+7s+10 =

1
(s+5)(s+2) = G(s):

(b) g(t) = L�1fG(s)g = L�1
n

1
(s+5)(s+2)

o
which by partial fractions is

= L�1
�
1=3

s+ 2
� 1=3

s+ 5

�
=

1

3
(e�2t � e�5t):

(This can also be easily found using the Convolution Theorem because it is just
e�5t � e�2t. You should compute this convolution for yourself to see that it gives
the same answer! )

(c) The response y = y(t) = f(t) � g(t) - also see equation (2) above - is

y(t) =
1

3

tZ
u=0

(e�2u � e�5u)f(t� u)du:

(d) If f(t) = cos(3t); then the above equation becomes

y(t) =
1

3

tZ
u=0

(e�2u � e�5u) cos(3(t� u))du:

If we can make the Voyage 200 do this integral, then the calculator gives

y(t) =
e�5t((3 cos(3t) + 63 sin(3t))e5t � 68e3t + 65)

1326
:

PROBLEM
A system is modeled by the di¤erential equation

8
dy

dt
� 41y � d

2y

dt2
= f(t); t � 0; y(0) = y0(0) = 0:

(a) Find the transfer function of the system.
(b) Find the Green�s function or Impulse response for the system.
(c) Write the response of the system to an arbitrary input, f(t), in terms of a
convolution integral involving the Green�s function which you found in part (b).
(d) Suppose the input to the system is f(t) = sin(2t): Use your answer to (c) to
�nd the corresponding response of the system. (Here you may use your calculator
to evaluate the integral.)


